Solutions for module 6
The Gibbs sampler

1 IQ test

1. The joint distribution of (z, i, pa, 7g) has pdf

m(x, 1y pa, 76) = 7(Z|p, pe, Ta)T (s ha, Ta)
= 7(z|p, pa, 7a)m(plpe, T6)m(kae, T)
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2. The pdf for the full conditional distribution of pu; is
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which we recognise as the unnormalised density of a normal distributed random vari-

able with mean (7;2; + 7aua)/(7: + 7¢) and precision (7; + 7¢). Hence the full condi-
tional distribution of u; is
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The pdf for the full conditional distribution of p¢ is
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Again we recognise this an unnormalised density of a normal distributed random vari-
able obtaining
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Finally, the full conditional distribution for 7¢ is given by
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which can be recognised as the unnormalised denisty of a gamma distributted random
variable, hence
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3. First step in a Gibbs sampler is to chose inital values. For u(o),...,u and pg
any values will, in principle, do. The initial value TC(;O) should be positive. A more
“clever” choice could be to set ,ugo) =zx; fori=1,...,n, M(c?) == % »,z; and

76 = (L (@ -2
A Gibbs sampler could then proceed as follows
For t =1 ...T do
e For i =1 ...n do

1) (t—1) _
e Generate MZ(-t) from N (m , 77D +T(Gt 1)>
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e Generate pu; from N W,nTG + 7o
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e Generate Tg) from Gamma (g + a, (% S l(ugt) g))Q + 1/[3) )

2 Radiocarbon dating

We start by rewriting m(u1, pa, p3) = 1[0 < pa]1[p1 < po]l[pe < ps]l{ps < k], where 1[] is
the indicator function:

" - 1 if 7expression” is true
1’ expression”| = )
0 otherwise.

1. The joint posterior pdf is given by
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2. The full conditional for p; has pdf
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which is the the density of a normal distribution with mean z; and precision 7 re-
stricted to the open interval (0, p2). In similar fashion we can show that m(ua|p1, 13, €1, T2, T3)
and 7(us|p1, t2, 1, T2, x3) corresponds to normal densities restricted to some open in-
terval.

3. To generate a sample 1 from 7(u1|pe, t3, 1, T2, £3) we proceeds as follows: Generate
proposals g1 from N(x1,7) until g1 € (0, u2). When this happens return py as a
sample from 7 (1 |p2, 3, €1, T2, x3). This procedure is an example of so-called rejection
sampling.



